Abstract. Let ∆ C be a simply connected domain, let f : D → ∆ be a Riemann map and let {z k } ⊂ ∆ be a compactly divergent sequence. Using Gromov's hyperbolicity theory, we show that {f −1 (z k )} converges non-tangentially to a point of ∂D if and only if there exists a simply connected domain U C such that ∆ ⊂ U and ∆ contains a tubular hyperbolic neighborhood of a geodesic of U and {z k } is eventually contained in a smaller tubular hyperbolic neighborhood of the same geodesic. As a consequence we show that if (φ t ) is a non-elliptic semigroup of holomorphic self-maps of D with Königs function h and h(D) contains a vertical Euclidean sector, then φ t (z) converges to the Denjoy-Wolff point non-tangentially for every z ∈ D as t → +∞. Using new localization results for the hyperbolic distance, we also construct an example of a parabolic semigroup which converges non-tangentially to the Denjoy-Wolff point but it is oscillating, in the sense that the slope of the trajectories is not a single point.
Introduction
The notion of non-tangential limit is very important in geometric function theory. A sequence {z n } ⊂ D := {z ∈ C : |z| < 1} converges non-tangentially to a point σ ∈ ∂D if it converges to σ and it is eventually contained in a Stolz region of vertex σ, that is, if it is eventually contained in the set {z ∈ D : |σ − z| < R(1 − |z|)} for some R > 1.
Let ∆ C be a simply connected domain and let f : D → ∆ be a Riemann map. Let {z n } ⊂ ∆ be a compactly divergent sequence, i.e., with no accumulation points in ∆. How can one decide if {f −1 (z n )} converges non-tangentially to a point σ by looking only at geometric properties of ∆?
The first aim of this paper is to give an answer to this question using the hyperbolic distance.
The first observation is that, if γ : [0, +∞) → D is a geodesic for the hyperbolic distance ω of D parameterized by arc length, then there exists σ ∈ ∂D such that lim t→+∞ γ(t) = σ ∈ ∂D. Moreover, for every M > 0, the set S D (γ, R) := {z ∈ D : ω(z, γ([0, +∞)) < M }-which we call a hyperbolic sector around γ of amplitude R-is equivalent to a Stolz region at σ. Therefore, a compactly divergent sequence {z n } ⊂ D converges non-tangentially to σ if and only if it is eventually contained in a hyperbolic sector around a geodesic converging to σ. This property is invariant under biholomorphisms and gives a first answer to the previous question. However, such a conclusion is not useful in practice, because knowing geodesics and the hyperbolic distance of a simply connected domain is almost equivalent to knowing the Riemann map of that domain.
However, using the Gromov hyperbolicity theory, we prove the following result (see Theorem 4.9): Theorem 1.1. Let ∆ C be a simply connected domain and let f : D → ∆ be a Riemann map. Let {z n } ⊂ ∆ be a compactly divergent sequence, i.e., with no accumulation points in ∆. Then {f −1 (z n )} converges non-tangentially to a point σ ∈ ∂D if and only if there exist a simply connected domain U C, a geodesic γ : [0, +∞) → U of U such that lim t→+∞ k U (γ(t), γ(0)) = +∞ and R > R 0 > 0 such that (1) S U (γ, R) := {w ∈ ∆ : k U (w, γ([0, +∞))) < R} ⊂ ∆ ⊆ U , (2) there exists n 0 ≥ 0 such that z n ∈ S U (γ, R 0 ) for all n ≥ n 0 .
A simple consequence of the previous theorem is that if ∆ is a simply connected domain contained in an upper half-plane and containing a vertical Euclidean sector p + {z ∈ C : Im z > k|Re z|}, for some p ∈ C and k > 0, then f −1 (p + it) converges non-tangentially to a boundary point of D as t → +∞.
Another more interesting consequence is that if ∆ is a simply connected domain starlike at infinity (that is, ∆ + it ⊂ ∆ for all t ≥ 0), that contains a vertical Euclidean sector, then the curve [0, +∞) t → f −1 (f (z) + it) converges non-tangentially to some point of ∂D as t → +∞ for every z ∈ D. In fact, we can prove that such a curve is a uniform quasi-geodesic in the sense of Gromov.
The previous fact has an interesting application to the study of one-parameter continuous semigroups of holomorphic self-maps of D-or, for short, semigroups in D. A semigroup in D is a continuous homomorphism of the real semigroup [0, +∞) endowed with the Euclidean topology to the semigroup under composition of holomorphic self-maps of D endowed with the topology of uniform convergence on compacta. Semigroups in D have been intensively studied (see, e.g., [1, 2, 9, 15] ). It is known that, if (φ t ) is a semigroup in D, which is not a group of hyperbolic rotations, then there exists a unique τ ∈ D, the Denjoy-Wolff point of (φ t ) such that lim t→+∞ φ t (z) = τ , and the convergence is uniform on compacta. In case τ ∈ D, the semigroup is called elliptic. Non-elliptic semigroups can be divided into three types: hyperbolic, parabolic of positive hyperbolic step and parabolic of zero hyperbolic step. It is known (see [6, 7] ) that if (φ t ) is a hyperbolic semigroup then the trajectory t → φ t (z) always converges non-tangentially to its Denjoy-Wolff point as t → +∞ for every z ∈ D, while, if it is parabolic of positive hyperbolic step then φ t (z) always converges tangentially to its Denjoy-Wolff point as t → +∞ for every z ∈ D.
In case of parabolic semigroups of zero hyperbolic step, the behavior of trajectories can be rather wild. All the trajectories have the same slope, that is the cluster set of Arg(1 − τ φ t (z)) as t → +∞-which is a compact subset of [−π/2, π/2]-does not depend on z ∈ D (see [6, 7] ). In many cases this slope is just a point, but in [4, 8] , examples are constructed such that the slope is the full interval [−π/2, π/2].
Recall (see, e.g., [1, 3, 11, 5] ) that (φ t ) is a parabolic semigroup in D of zero hyperbolic step if and only if there exists a univalent function h, the Königs function of (φ t ), such that h(D) is starlike at infinity, h(φ t (z)) = h(z) + it for all t ≥ 0 and z ∈ D, and for every w ∈ C there exists t 0 ≥ 0 such that w + it 0 ∈ h(D). The triple (C, h, z → z + it) is called a canonical model for (φ t ) and it is essentially unique. A straigthforward consequence of our previous discussion is the following (see Proposition 4.13): Corollary 1.2. Let (φ t ) be a parabolic semigroup of zero hyperbolic step with DenjoyWolff point τ ∈ ∂D. Assume that h(D) contains a vertical Euclidean sector. Then for every z ∈ D the trajectory φ t (z) converges non-tangentially to τ as t → +∞. In other words, the slope of (φ t ) is a set [a, b] with −π/2 < a ≤ b < π/2.
The condition of h(D) containing a vertical Euclidean sector is not necessary for having non-tangential convergence of the orbits: let α > 1 and let Z α := {z ∈ C : |Re z| α < Im z}, a parabola-like open set. Since Z α is simply connected and starlike at infinity, if f :
is a semigroup whose canonical model is (C, f, z → z + it), hence, it is parabolic of zero hyperbolic step. Since Z α is symmetric with respect to the imaginary axis, it follows that f −1 (it), t > 0, is a geodesic in D. Therefore φ t (f −1 (i)) converges radially to the Denjoy-Wolff point as t → +∞. Despite the previous example, it turns out that for every α > 1 there exists a parabolic semigroup (φ α t ) of zero hyperbolic step with Königs function h α such that Z α ⊂ h α (D) but φ α t (z) does not converge non-tangentially to the Denjoy-Wolff point (see Proposition 6.2). More interesting than this, using Corollary 1.2, we are able to construct a (rather explicit in terms of the canonical model) example of a parabolic semigroup with zero hyperbolic step whose trajectories converge non-tangentially to the Denjoy-Wolff point but are oscillating (see Proposition 6.1): Proposition 1.3. There exists a parabolic semigroup (φ t ) of zero hyperbolic step in D such that for every z ∈ D, the slope of (φ t ) is [a, b] with −π/2 < a < b < π/2.
In [4] it is remarked that, with a slight modification of the technique of harmonic measure theory used by the author in order to construct parabolic semigroups with slope [−π/2, π/2], it is possible to construct examples of parabolic semigroups having slope [a, b] for −π/2 < a < b < π/2.
The proof of the previous result is rather involved and the techniques we use might be interesting in their own right. The basic idea is that if a simply connected domain ∆ contains a rectangle B in such a way that the vertical sides of B are on the boundary of ∆ and the height of B is much larger than the width of B, then the geodesics in ∆ which join points on the bottom side with points on the top side of B tend to stay in the middle of B, and the hyperbolic distance of ∆ between points of B which are away from the top and bottom sides is essentially the hyperbolic distance in the infinite strip containing B. This set B is what we call a good box, and the proofs of the previous facts are based on new localization results for the hyperbolic distance and the Gromov shadowing lemma (see Proposition 5.6 and Corollary 5.8). Then the construction of the example in Proposition 1.3 is performed by removing slits from C in such a way that the resulting domain contains a vertical Euclidean sector and good boxes so that the imaginary axis is closer to the left side of a good box for a while and then becomes closer to the right side of another good box later, and so on.
The plan of the paper is the following. In Section 2, we recall the notion of geodesics and Gromov's quasi-geodesics in simply connected domains and state some results we need in the paper. In Section 3, we collect some known (and some possibly new) results of localization for the hyperbolic metric and the hyperbolic distance in simply connected domains. In Section 4, we prove Theorem 1.1 and Corollary 1.2. In Section 5 we introduce "good boxes" and prove the results about geodesics and hyperbolic metric we mentioned above. Finally, in Section 6, we prove Proposition 1.3 and Proposition 6.2.
Notations. In this paper we will freely make use of Carathéodory's prime end theory. We refer the reader to [10, 13, 14] for all unproved facts about this theory. In particular, recall that every simply connected domain ∆ C has a Carathéodory boundary ∂ C ∆ given by the union of the prime ends of ∆. The set ∆ := ∆ ∪ ∂ C ∆ can be endowed with the Carathéodory topology. For an open set U ⊂ ∆, we let U * be the union of U with every prime end of ∆ for which there exists a representing null chain which is eventually contained in U . The Carathéodory topology is the topology generated by all open sets U of ∆ and the sets U * . It is known that D with the Euclidean topology is homeomorphic to D and, if f : D → ∆ is a Riemann map, then f extends to a homeomorphismf : D → ∆. In this way, every point σ ∈ ∂D corresponds to a unique prime end x σ ∈ ∂ C D and, via f , to a unique prime endf (x σ ) ∈ ∂ C ∆.
We denote by C ∞ the Riemann sphere. If ∆ ⊂ C is a domain, we denote by ∂ ∞ ∆ its boundary in C ∞ . Note that ∂ ∞ ∆ = ∂∆ in case ∆ is bounded, otherwise ∂ ∞ ∆ = ∂∆∪{∞}.
Finally, we denote by ω(z, w) the hyperbolic distance between z and w ∈ D.
Geodesics and quasi-geodesics in simply connected domains
Let ∆ C be a simply connected domain. We denote by κ ∆ the infinitesimal metric in ∆, that is, for z ∈ ∆, v ∈ C, we let
,
where the infimum is taken over all piecewise
Let −∞ < a < b < +∞ and let γ : [a, b] → ∆ be a piecewise C 1 -smooth curve. For a ≤ s ≤ t ≤ b, we define the hyperbolic length of γ in ∆ between s and t as
In case the length is computed in all the interval [a, b] of definition of the curve, we will simply write
Moreover, if z, w ∈ ∆ and there exist a < s < t < b such that γ(s) = z and γ(t) = w, we say that γ| [s,t] is a geodesic which joins z and w.
With a slight abuse of notation, we call geodesic also the image of γ in ∆.
Using Riemann maps and the invariance of hyperbolic metric and distance under the action of biholomorphisms, we have the following result:
exist as limits in the Carathéodory topology of ∆. 
, the principal part of the prime end γ(a) (and similarly for b in
Given a simply connected domain, it is in general a hard task to find geodesics. The aim of this section is indeed to recall a powerful method due to Gromov to localize geodesics via simpler curves which are called quasi-geodesics.
The importance of quasi-geodesics is contained in the following result (see, e.g. 
A consequence of Gromov's shadowing lemma we will take advantage of is the following result, whose proof is based on standard arguments of normality:
Then there exists a prime end x ∈ ∂ C ∆ such that γ(t) → x in the Carathéodory topology of ∆ as t → +∞. Moreover, there exists > 0 such that, if η : [0, +∞) → ∆ is the geodesic of ∆ parameterized by arc length such that η(0) = γ(0) and lim t→+∞ η(t) = x in the Carathéodory topology of ∆, then, for every t ∈ [0, +∞),
Localization of hyperbolic metric and hyperbolic distance
In this section we prove a localization result which allows to get information on the hyperbolic metric and hyperbolic distance of a simply connected domain in a portion of the domain itself.
We start with the notion of totally geodesic subsets:
Definition 3.1. Let ∆ C be a simply connected domain. A domain U ⊂ ∆ is said to be totally geodesic in ∆ if for every z, w ∈ U the geodesic of ∆ joining z and w is contained in U .
The first lemma we need is the following, which can be easily proved using a Riemann map to reduce to the disc:
C be a simply connected domain. Let γ : R → ∆ be a geodesic parameterized by arc length. Then ∆ \ γ(R) consists of two simply connected components which are totally geodesic in ∆. Now we can state and prove a localization result for the hyperbolic metric and the hyperbolic distance:
C be a simply connected domain. Let p ∈ ∂ C ∆ and let U
* be an open set in ∆ which contains p. Assume that U * ∩ ∆ is simply connected. Let C > 1. Then there exists an open neighborhood V * ⊂ U * of p such that for every z, w ∈ V * ∩ ∆ and all v ∈ C,
In particular, if ∆ is a Jordan domain then for every σ ∈ ∂ ∞ ∆, for every U ⊂ C ∞ open set such that σ ∈ U and U ∩ ∆ is simply connected, and every C > 1, there exists an open neighborhood V ⊂ U of σ such that (3.1) and (3.2) hold (with U * = U and V * = V ).
Proof. The inequalities on the left in (3.1) and (3.2) follow immediately from the decreasing properties of the infinitesimal metric and of the distance. In order to deal with the inequalities on the right, it is enough to prove them for ∆ = D. The identity map extends to a homeomorphism Φ between D and D. Hence, there exists an open set (for the Euclidean topology) W ⊂ C such that σ := Φ(p) ∈ W and Φ(U * ) = W ∩ D. Since by hypothesis U * ∩ D is simply connected, then Φ(U * ∩ D) = W ∩ D is simply connected as well.
The result for the unit disc is well known, we sketch here the proof for the reader convenience. First, one can prove that given R > 0 such that (tanh R) −1 < C, there exists an open set X ⊂ W , σ ∈ X, such that for every z ∈ X ∩ D the hyperbolic disc
Then, one can find ∈ (0, π/4) in such a way that, if γ : (−∞, +∞) → D is the geodesic in D parameterized by arc length such that lim t→−∞ γ(t) = e i σ and lim t→+∞ γ(t) = e − i σ then γ(R) ⊂ X.
By Lemma 3.2, D \ γ(R) is the union of two simply connected components. Since γ(R) does not contain σ, it follows that σ belongs to the closure of one and only one of the connected components of
By the arbitrariness of z, w, setting
Finally, if ∆ is a Jordan domain, the result follows since ∆ ∞ and ∆ are homeomorphic.
If Ω ⊂ C is a domain, for z ∈ Ω, we let
the Euclidean distance from z to the boundary ∂Ω.
Theorem 3.4. Let ∆ C be a simply connected domain. Then for every z ∈ ∆ and
.
for every z ∈ ∆ and v ∈ C.
Sketch of the proof. The lower estimate follows form the Koebe 1/4-Theorem. The upper estimate follows at once since the Euclidean disc of center z and radius δ ∆ (z) is contained in ∆.
In case ∆ is convex, take z ∈ ∆ and let p ∈ ∂∆ be a point such that |p − z| = δ ∆ (z). By convexity, ∆ is contained in a half-plane whose boundary is a separating line for ∆ at p. From this the lower estimate follows at once.
Integrating the previous estimates, one has: Theorem 3.5 (Distance Lemma). Let ∆ C be a simply connected domain. Then for every w 1 , w 2 ∈ ∆,
where Γ is any piecewise C 1 -smooth curve in ∆ joining w 1 to w 2 . In case ∆ is convex, one can replace 1/4 with 1/2 in the left-hand side of the previous inequality.
Hyperbolic sectors and non-tangential limits
The aim of this section is to provide an intrinsic way to define non-tangential limits in simply connected domains. More precisely, the question we settle here is the following: let ∆ C be a simply connected domain and f : D → ∆ a Riemann map. Let {z n } ⊂ ∆ be a sequence such that {f −1 (z n )} converges to σ ∈ ∂D. How is it possible to determine whether {f −1 (z n )} converges non-tangentially to σ by looking at the geometry of ∆? We start with a definition which allows to extend the notion of non-tangential limit to any simply connected domain:
C be a simply connected domain. Let γ : (a, +∞) → ∆, a ≥ −∞, be a geodesic with the property that lim t→+∞ k ∆ (γ(t), γ(t 0 )) = +∞, for some t 0 ∈ (a, +∞). A hyperbolic sector around γ of amplitude R > 0 is
In order to describe hyperbolic sectors, we need a lemma, whose proof is a direct computation from the very definition of hyperbolic distance of the half-plane H := {z ∈ C : Re (z) > 0}:
(1) Let 0 < ρ 0 < ρ 1 and let Γ := {ρe
has a minimum at ρ = ρ 0 , it is increasing for ρ > ρ 0 and decreasing for ρ < ρ 0 .
Now we describe the shape of a hyperbolic sector in the half-plane. We need a definition:
be a horizontal sector of angle 2β symmetric with respect to the real axis and with height r 0 .
Lemma 4.4. Let γ : [0, +∞) → H be a geodesic such that γ([0, +∞)) = [r 0 , +∞) and γ(0) = r 0 for some r 0 > 0. Then for every R > 0 there exists β ∈ (0, π/2), with
Let β ∈ (0, π/2) be such that k H (1, e iβ ) = R. Therefore, given ρ > 0, by Lemma 4.2(4) and the previous equalities, k H (ρe iθ , (0, +∞)) < R if and only if |θ| < β. This implies at once that
Hence, by the triangle inequality,
On the other hand, let w = ρe iθ ∈ S H (γ, R) with ρ > 0 and θ ∈ (−π/2, π/2). If ρ > r 0 , by Lemma 4.2(3) and (4), it follows immediately that w ∈ V (β, r 0 ). If ρ ≤ r 0 , the condition w ∈ S H (γ, R) implies that there exists r > r 0 such that k H (w, r) < R. Hence, by Lemma 4.
As a consequence, we have the following characterization of non-tangential convergence:
C be a simply connected domain and let f : D → ∆ be a Riemann map. Let {z n } ⊂ ∆ be a compactly divergent sequence. Then {f −1 (z n )} converges non-tangentially to σ ∈ ∂D if and only if there exist R > 0 and a geodesic γ : [0, +∞) → ∆ such that lim t→+∞ γ(t) =f (x σ ) in the Carathéodory topology of ∆ and {z n } is eventually contained in S ∆ (γ, R). Here,f : D → ∆ is the homeomorphism induced by f and x σ ∈ ∂ C D is the prime end corresponding to σ under f .
Proof. Since the condition that {z n } is eventually contained in S ∆ (γ, R) is invariant under isometries for the hyperbolic distance and f is an isometry between ω and k ∆ , it is enough to prove the statement for ∆ = H and a Cayley transform f : D → H which maps σ to ∞. Hence, {z n } ⊂ D converges non-tangentially to ∞ if and only if {z n } is eventually contained in a horizontal sector in H. The result follows then at once by Lemma 4.4.
The previous result allows to talk of non-tangential limits in simply connected domains, but, from a practical point of view, it is not very useful since the description of hyperbolic sectors in a general simply connected domain is a very hard task. Still, we will see how, using localization, one can obtain useful consequences. In order to see this, we need the following localization result for hyperbolic sectors: Lemma 4.6. Let ∆ C be a simply connected domain and let γ :
Proof. The left hand side inequalities follow at once since S ∆ (γ, R) ⊂ ∆.
As for the right hand side inequalities in (4.2) and (4.3), since univalent maps are isometries for the hyperbolic distance, we can assume that ∆ = H and γ([0, +∞)) = [1, +∞).
By Lemma 4.4,
By the previous argument, we only need to prove that (4.2) holds for z ∈ V (β , M ). Let z ∈ V (β , M ) and v ∈ C\{0}. By Theorem 3.4,
If we write z = ρe iθ with ρ > M and |θ| < β , assuming θ ≥ 0 (the case θ < 0 is similar), a simple computation shows that q z − z = ρ cos β cos θ(tan θ − tan β)(sin β − i cos β).
Hence,
and the right hand side inequality in (4.2) follows at once from (4.4).
We are left to prove the right hand side inequality in (4.3). To this aim, we claim that S H (γ, R 0 ) is totally geodesic in H.
Assuming the claim for the moment, let z, w ∈ S H (γ, R 0 ) and let η : [0, 1] → H be a geodesic such that η(0) = z and η(1) = w. By the claim,
and the right hand side inequality in (4.3) follows.
Let us prove the claim. Since geodesics of H are either contained in half lines parallel to the real axis or in arcs of circles which intersect orthogonally the imaginary axis, it is clear that V (β , 0) is totally geodesic in H. Next, since {ζ ∈ C : |ζ| = r} ∩ H is a geodesic in H for all r > 0, it follows by Lemma 3.2 that {w ∈ H : |w| > 1} is totally geodesic in
is totally geodesic in H -this can be easily seen by proving that any hyperbolic disc in D centered at 0 is totally geodesic and using a Cayley transform to move to H.
Therefore, we only have to show that if
This, together with Lemma 4.2(4) and Lemma 4.4, proves that
and hence |θ| < β . That is, ρe iθ ∈ V (β , 0). Therefore, since V (β , 0) is totally geodesic in H,
, by (4.5), the only possibility is that there exists s ∈ (0, 1) such that |η(s)| < 1 and Lemma 4.2(4) , and divides V (β , 0) into two connected components, which are V (β , 1) and
iβ ) = R 0 . Note that, by Lemma 4.2(4),
Translating in an intrinsic language using Riemann maps, this means that if ∆ C is a simply connected domain and γ : (0, +∞) → ∆ is a geodesic such that lim t→0 + k ∆ (γ(t), γ(1)) = lim t→+∞ k ∆ (γ(t), γ(1)) = +∞, then for every t ∈ (0, +∞), +∞) )) < R 0 }. We state and prove now two consequences of the previous lemma:
C be two simply connected domains. Let R > 0 and let
Then there exists C > 1 such that for every 0 ≤ T < +∞ the curve
In particular, if f : D → ∆ is a Riemann map, then f −1 (γ(t)) converges nontangentially to a point σ ∈ ∂D.
Proof. Fix R 0 ∈ (0, R). Note that γ(t) ∈ S U (γ, R 0 ) for all t ∈ [0, +∞). Hence, by Lemma 4.6, and taking into account that γ is a geodesic in U , for every 0 ≤ s ≤ t < +∞, we have
Since ∆ ⊂ U , we have
Hence, by Corollary 2.5, there exist a geodesic η : [0, +∞) → ∆ for ∆ and δ > 0 such that η(0) = γ(0), lim t→+∞ k ∆ (η(0), η(t)) = +∞ and k ∆ (γ(s), η([0, +∞))) < δ for every s ∈ [0, +∞). Proposition 4.5 implies then the final statement.
Theorem 4.9. Let ∆ C be a simply connected domain and let f : D → ∆ be a Riemann map. Let {z n } ⊂ ∆ be a compactly divergent sequence. Then {f −1 (z n )} converges nontangentially to a point σ ∈ ∂D if and only if there exist a simply connected domain U C,
there exists n 0 ≥ 0 such that z n ∈ S U (γ, R 0 ) for all n ≥ n 0 .
Proof. If {f −1 (z n )} converges non-tangentially to a point in ∂D, then the result follows trivially by taking U = ∆ and appealing to Proposition 4.5.
Conversely, since
Fix n ≥ n 0 . By hypothesis, there exists s n ∈ [0, +∞) such that k U (z n , γ(s n )) < R 0 . Hence, by Lemma 4.6
By the arbitrariness of n, this proves that for n ≥ n 0 , z n ∈ S ∆ (η, CR 0 + δ). Proposition 4.5 implies then the statement.
The previous results have practical applications. For instance, if ∆ ⊂ C is a simply connected domain such that V (β, 0) ⊂ ∆ ⊂ H, for some β ∈ (−π/2, π/2), then the curve (0, +∞) t → t is a quasi-geodesic in ∆ and its pre-image via a Riemann map converges non-tangentially to the boundary.
When dealing with the slope problem for semigroups, it is useful to consider other simple domains, and we end this section with a corollary which will be useful later on. 
Since K p is symmetric with respect to the line {ζ ∈ C : Re ζ = Re p}, it follows that the curve γ p : (0, +∞) t → p + it is a geodesic in K p . A simple direct computation, using the Riemann map f : ζ → √ −iζ from K 0 to H, shows Lemma 4.11. Let p ∈ C and let R > 0. Fix t 0 > 0 and let γ p : [t 0 , +∞) → K p be given by γ p (t) = p + it, t ≥ t 0 . Then there exists β ∈ (0, π) such that
The following corollary gives a simple geometric condition for the preimage of a line to converge non-tangentially to the boundary of the disc: Corollary 4.12. Let ∆ C be a simply connected domain and f : D → ∆ a Riemann map. Suppose there exists p ∈ C such that {p − it, t ≥ 0} ⊂ C \ ∆ and {p + it, t > 0} ⊂
Let β ∈ (0, β). Let w be the point of intersection between {z = p + iρe iβ , ρ > 0} and
, where the last equality follows at once using the biholomorphism K p ζ → √ −iζ ∈ H (see the proof of Lemma 4.11).
Let t 0 > N . Since, lim t→+∞ k Kp (p + it 0 , p + it) = +∞ and
which, by Lemma 4.11, implies that S Kp (γ N , R) ⊂ ∆, and we are done.
As a corollary of the previous results we have: Proposition 4.13. Let (φ t ) be a non-elliptic semigroup in D, let h be its Königs function, Ω = h(D) and τ ∈ ∂D its Denjoy-Wolff point. If there exist β ∈ (0, π/2) and q ∈ Ω such that q + iV (β, 0) ⊂ Ω, then φ t (z) converges non-tangentially to τ for all z ∈ D.
Proof. Let p ∈ ∂Ω. Then Ω ⊂ K p . Let w 0 be the point of intersection of the line {ζ ∈ C : Re ζ = Re p} and the boundary of the sector q + iV (β, 0). Since the domain is starlike at infinity, it follows at once that w 0 + iV (β, 0) ⊂ Ω. Let α ∈ (0, β). Let w be the point of intersection between {z = p + iρe iα , ρ > 0} and {z = w 0 + iρe iβ , ρ > 0}. Let
[0, +∞) be given by γ(t) = p + i(t 0 + t). The curve γ is a geodesic for K p such that lim t→+∞ k Kp (γ(0), γ(t)) = +∞. By (4.7) and Lemma 4.11, S Kp (γ, R) ⊂ Ω. Moreover, if z 0 ∈ D is such that h(z 0 ) = p + it 0 , then h(z 0 ) + it ∈ S Kp (γ, R) for all t ≥ 0. Hence, by Theorem 4.9, φ t (z 0 ) converges non-tangentially -hence, φ t (z) converges non-tangentially to τ for all z ∈ D.
As a direct corollary from the previous proposition we have Corollary 4.14. Let (φ t ) be a non-elliptic semigroup in D, let h be its Königs function, Ω = h(D) and τ ∈ ∂D its Denjoy-Wolff point. Suppose w 0 ∈ Ω. If lim inf t→+∞ δ Ω (w 0 + it) t > 0 then φ t (z) converges to τ non-tangentially, for all z ∈ D.
Good boxes and localization
The aim of this technical section is to prove that if a simply connected domain contains a rectangle whose height is much larger than the base size-a "good box"-then the hyperbolic metric of the domain is similar to that of a strip inside the rectangle. We start with discussing hyperbolic geometry in the strip. (1) the curve γ 0 : R t → a + R 2
+ it is a geodesic of S R + a and, for every s < t,
(2) For every z ∈ S R + a the orthogonal projection π γ 0 (z) of z onto γ 0 , i.e., the (only) point
+ iy is a geodesic of S R + a and for all
(4) For every δ > 0, the hyperbolic sector S S R +a (γ 0 , δ) = S r + a + R−r 2
, for some r < R. Moreover, if z ∈ S S R +a (γ 0 , δ),
(6) For every δ > 0 and N 0 > 0 there exists N > N 0 which depends only on δ, N 0 but not on R, a, such that for every
, such that every geodesic γ in S R + a joining two points z, w ∈ S R + a with Im w > M 2 and Im z < M 1 satisfies γ ∩ {ζ ∈ C : q < Im ζ < q + RN 0 } ⊂ S S R +a (γ 0 , δ). (7) For every z, w ∈ S R +a with Im w ≥ Im z, the geodesic joining z and w is contained in {ζ ∈ S R + a : Im z ≤ Im ζ ≤ Im w}.
Proof. The holomorphic function f :
+ a is a biholomorphism from H to S R + a.
(1) Since S R + a is symmetric with respect to the line {z ∈ C : Re z = a + R 2 }, it follows that γ 0 is a geodesic. The formula for the hyperbolic distance follows at once by a direct computation using f and the corresponding expression of k H .
(2) Using the biholomorphism f , this amounts to proving that for every ρ 1 > ρ 2 > 0 and θ 1 , θ 2 ∈ (−π/2, π/2) we have
which follows directly from Lemma 4.2(3). (3) By symmetry, for every y ∈ R, the curve η : (−
. By Theorem 3.5, 1 2
ds.
Simple geometric consideration shows that δ S R +a (η(s)) = R 2 − |s|. Hence, the estimates follow from a direct computation.
(4) Using again the biholomorphism f , it is easy to see that γ 0 corresponds to the geodesic (0, +∞) in H and by Lemma 4.4,
for some β ∈ (0, π/2). Hence, S S R +a (γ 0 , δ) = S r + a + R−r 2
, for some r < R. Next, assume z ∈ S S R +a (γ 0 , δ) and let
. Hence, by (2),
and from the lower estimate in (3) we obtain
A direct computation shows that this is equivalent to |Re z − a −
(1 − e −2δ ). Finally, if z ∈ S S R +a (γ 0 , δ), using again f , the problem reduces to show that, given ρe iθ = f −1 (z), with ρ > 0 and θ ∈ (β, π/2), (the case θ ∈ (−π/2, β) is analogous), then
This follows at once from Lemma 4.2(3).
Using the biholomorphism f , we see that {ζ ∈ S R + a : Im ζ = M j } is mapped onto {ρ j e iθ : θ ∈ (−π/2, π/2)} for some 0 < ρ 1 < ρ 2 . Hence, the statement is equivalent to
which follows from Lemma 4.2(5).
Now, let C 0 be the circle with center 
Then U is totally geodesic as well since for every two points of U the geodesic joining them is contained in U + and U − . Let A − := {ρe iθ : 0 < ρ < 1, |θ| < π/2}, A + := {ρe iθ : ρ > p, |θ| < π/2},Q := {ρe iθ : |q
∈ H are such that ζ 0 ∈ A − and ζ 1 ∈ A + , the geodesic η : [0, 1] → H of H joining ζ 0 and ζ 1 is contained in U and, by construction, it necessarily crosses V (β, 0). Moreover, by construction, for all t ∈ (0, 1) such that η(t) ∈Q, the point η(t) ∈ Q.
Since |q Note that N depends only on β-hence, on δ and on N 0 and that N > N 0 . A simple computation shows that f (A − ) = {z ∈ S R + a : Im z < 0}, and f (A + ) = {z ∈ S R + a :
log p}. Moreover, f −1 (Q) = {z ∈ S R + a :
Therefore, since f maps geodesics of H onto geodesics of S R + a, the previous argument shows that for every z ∈ {z ∈ S R + a : Im z < 0} and w ∈ {z ∈ S R + a : Im z > R π log p} the geodesic γ joining z and w satisfies γ ∩ {z ∈ S R + a :
R log |q
Finally, given M 1 , M 2 ∈ R such that M 2 − M 1 > RN , one can reduce to the previous case using automorphisms of S R + a of the form z → z − ik, k ∈ R, and taking into account that such automorphisms are isometries for k S R +a and map γ 0 onto γ 0 .
(7) If Im z = Im w, the result follows from (2) . If Im w > Im z, we saw in (6) that for all > 0, {ζ ∈ S R + a : Im ζ < Im w + } and {ζ ∈ S R + a : Im ζ > Im z + } are totally geodesic in S R + a. Hence, their intersection is. Therefore, for all > 0 the geodesic of S R + a joining z and w is contained in {ζ ∈ S R + a : Im z + < Im ζ < Im w + }. By the arbitrariness of , we get the result.
We state and prove now some localization results which will be useful in our construction.
Let a, b ∈ R and R > 0. Let Ω a,b,R := C \ {z ∈ C : Re z ∈ {a, a + R}, Im z ≤ b}. 
for every z ∈ (S R + a) such that Im z ≤ b − RD and for every v ∈ C. Moreover,
Proof. The inequalities on the left hand side follow immediately since S R + a ⊂ Ω a,b,R . Assume now R = 1, a = b = 0 and let Ω := Ω 0,0,1 . For n ∈ N let C n := {ζ ∈ C : 0 ≤ Re ζ ≤ 1, Im ζ = −n}. Clearly, (C n ) is a null chain in Ω, which represents a prime end x of Ω. Let S
* be the open set in Ω defined by S (that is, S * is the union of S and all prime ends for which a representing null chain is eventually contained in S). Hence, S
* is an open neighborhood of x, since, by construction, the interior part of C n belongs to S for all n ≥ 1. Moreover, S * ∩ Ω = S, which is simply connected. Therefore, we can apply Theorem 3.3 to x and S * and come up with an open set V * ⊂ S * in Ω which contains x and such that
for all z, w ∈ V := V * ∩ Ω and v ∈ C. Note that since V * is an open neighborhood of x, there exists n 0 ∈ N such that the interior part of C n is contained in V for all n ≥ n 0 . In particular, (5.1) holds for every ζ ∈ S such that Im ζ ≤ −(n 0 + 1).
Hence, we have proved the result with D := −(n 0 + 1) for R = 1, a = b = 0. Now, assume R > 0 and a, b ∈ R. Using the map C z → 1 R (z − a − ib) ∈ C, which is a biholomorphism from Ω a,b,R to Ω and maps (S R + a) onto S and {ζ ∈ S R + a : Im ζ ≤ b − RD} onto {ζ ∈ S : Im ζ ≤ −D}, the result follows at once from (5.1).
The next localization result we need is a sort of converse of the previous one: we choose the part we want to localize and come up with a constant for the localization. We start with a definition:
The semi-strip of width R and height M is
For every E > 0 there exists c = c (E) > 1 such that for every a ∈ R, M ∈ R and R > 0, we have
, for every z ∈ (S R + a) such that Im z ≥ RE + M and for all v ∈ C, and
Proof. The left-hand side estimates follow immediately since S M R + a ⊂ S R + a. In order to prove the right-hand side estimates, arguing as in Proposition 5.3, it is enough to prove the result for R = 1, a = 0, M = 0 and then use the affine map z → 1 R (z − a − iM ) to pass to the general case.
For points in K, in case K is non-empty, notice that K is compact in S 0 1 and in S 1 . The hyperbolic metric being continuous in z, the following numbers are well defined:
Moreover, q > 0 (for otherwise the hyperbolic norm of 1 would be 0 at an interior point). Hence, for z ∈ K and v ∈ C,
Taking c = max{2, Q q } we have the first estimate. In order to prove the second inequality, note that (0,
and we are done.
The next result allows one to estimate the hyperbolic distance and the displacement of geodesics in simply connected domains which contain "good boxes": Let Ω ⊂ C be any simply connected domain such that
In addition, for every z, w ∈ B,
Proof. Let Ω ⊂ C be a simply connected domain which satisfies condition (1)
be a geodesic for Ω. Then for every u 0 ≤ s ≤ t ≤ u 1 , by Proposition 5.3 and by (1),
On the other hand, by (2) and Proposition 5.5, γ(t) ). This proves that every geodesic γ for Ω which is contained in B is a (cc , 0)-quasi-geodesic in S R + a. Hence, by Theorem 2.4 there exists = (c, c ) = (c, D, E) > 0 such that (5.3) holds. In order to prove (5.4), we argue similarly. Given η : [v 0 , v 1 ] → B a geodesic for S R + a, for all v 0 < s < t < v 1 , using Proposition 5.3 and Proposition 5.5, we have
Hence η is a (cc , 0)-quasi-geodesic in Ω. Theorem 2.4 implies (5.4) with the same as before.
In order to prove the last inequality, we note that w) . Therefore, the result follows at once from Proposition 5.3 and Proposition 5.5 by taking C = max{c, c }.
Definition 5.7. The set B defined in (5.2) is a good box for Ω for the data (c, D, E). Its width is R and its height is b − M − R(D + E). The segment {z = a + R 2 + it, M + RE < t < b − RD} is called the vertical bisectrix of B and we denote it by bis(B).
With the help of the previous results, we prove now that "long" geodesics for Ω in a good box get close to the vertical bisectrix of the good box in a controlled way. )) such that for every t ∈ [u 0 , u 1 ] for which r 1 < Im γ(t) < r 1 + RN 1 ,
it follows that γ(t) ∈ {z ∈ B : r 1 + (
Proof. Let γ : I → Ω be a geodesic of Ω. Suppose there exists an interval
Note that
and r 1 + RN 1 < q + RN 0 . Let
We claim that q < Im η(v u ) < q + RN 0 . Indeed, from Proposition 5.2(5), one sees that for every z ∈ S R + a such that Im z ≥ q + RN 0 or Im z ≤ q, the hyperbolic distance in S R + a of z from B G is at least . For instance, if
where the last equality follows from a direct computation using Proposition 5.2(1).
The claim we have just proved implies that k S R +a (η(v u ), a + R 2 + iIm η(v u )) < δ, hence, by the triangle inequality,
Then (5.5) follows from Proposition 5.2(4). In order to prove the last statement, suppose there exists
We assume that t > u 1 (the case t < u 0 is similar). Note that, by definition, Im γ(u 0 ) = r 1 , Im γ(u 1 ) = r 1 +RN 1 . Let ξ : [0, 1] → S R +a be the geodesic of S R +a such that ξ(0) = γ(u 0 ) and ξ(1) = γ(t). By Proposition 5.2(7), for all s ∈ [0, 1],
Since γ : [s 0 , t] → Ω is the geodesic of Ω which joins ξ(0) with ξ(1), by (5.4), there exists
On the other hand, by Proposition 5.2 (5) and (5.6)
a contradiction, and the proof is concluded.
Trajectories oscillating to the Denjoy-Wolff point
Using the tools developed in the previous sections, we can construct examples of different slope behavior for semigroups.
Proposition 6.1. There exists a parabolic semigroup (φ t ) in D with zero hyperbolic step such that φ t (z) converges non-tangentially to its Denjoy-Wolff point τ ∈ ∂D but lim t→+∞ Arg(1 − τ φ t (0)) does not exist. Let χ := 1 − e −2( +δ) < 1 and choose α 1 ∈ (0, α 0 ) such that
In order to construct the example, we will define a domain Ω ⊂ C starlike at infinity given by Ω = ∞ j=1 Ω j , where Ω j := Ω −a j ,b j ,R j , where {b j } is an increasing sequence of positive real numbers converging to infinity with the property that b 1 = 1,
and for j = 1, 2, . . . ,
Note that, by (6.3) and (6.4), the sequences {a j } and {R j − a j } are increasing. In particular, the domain Ω is starlike at infinity (see Figure 1 ).
• it 2j 1 Figure 1 .
Moreover, the point −a 2j + ib 2j belongs to {ζ ∈ C : ζ = iρe α 1 i , ρ > 0}, the boundary of iV (α 1 , 0) is contained in the left half-plane {z ∈ C : Re z < 0}, while R 2j−1 − a 2j−1 + ib 2j−1 belongs to {ζ ∈ C : ζ = iρe −α 1 i , ρ > 0} and the boundary of iV (α 1 , 0) is contained in the right half-plane {z ∈ C : Re z > 0}. Since (R j − a j )/b j ≥ tan α 1 , this implies that iV (α 1 , +∞) ⊂ Ω.
Hence, let h : D → Ω be the Riemann map such that h(0) = 0, lim t→+∞ h −1 (it) = 1. The semigroup (φ t ), defined by φ t (z) := h Claim A:
(1) there exists a sequence {t m } converging to +∞ such that it m ∈ γ([0, 1)), (2) there exist β > 0 and a sequence {t k } converging to +∞ such that it k ∈ S Ω (γ, β).
Assume that Claim A is true. Translating in the unit disc via h, this implies that {φ t k (0)} is in the complement in D of the hyperbolic sector S D (γ, β), thus, it is outside a fixed Stolz region of vertex 1, while {φ tm (0)} converges radially to 1. Therefore, lim t→+∞ Arg(1 − φ t (0)) does not exist.
Proof of Claim A. First of all notice that, since tan α 0 ≤
8D
by (6.1), and b j > 4b j−1 ,
By (6.5), Proposition 5.6 implies that B j is a good box in Ω for the data (c, D, E). Moreover, B j has width R j = 2b j tan α 0 and, by (6.1), its height is
In particular since b j > 4b j−1 , we have by (6.1)
Since Im γ(s) converges to +∞ as s → 1, and γ(0) = 0, it follows that there exist 0 < s
Therefore, by (6.6), we can find s
Hence, by Corollary 5.8 (with B = B j , a = −a j , R = R j ) there exists r j ∈ (b j−1 + R j−1 E, b j − R j (D + N 1 )) such that for all u ∈ (s j , t j ) such that r j < Im γ(u) < r j + N 1 R j (recalling that χ = 1 − e −2( +δ) ),
Using (6.4), it is easy to see that |a j −
Since γ is continuous, it follows that there exists a sequence {t m } converging to +∞ such that it m ∈ γ([0, 1)) for all m ∈ N: Part (1) of Claim A is proved.
As for Part (2) of Claim A, let u 2j ∈ (s 2j , t 2j ) be such that Im γ(u 2j ) = r 2j +
Note that by (6.4) and (6.2),
+ iy 2j is a geodesic of S R 2j − a 2j , and by Proposition 5.2(4),
where the inequality follows from the left inequality in Proposition 5.2(3) and the last equality follows from (6.4). By Proposition 5.6,
The previous estimate and (6.11) imply then that for all t ∈ (s 2j , t 2j ) such that r 2j < Im γ(t) < r 2j + N 1 R 2j
+ N 2 )R 2j }. Hence, by Proposition 5.6 and Proposition 5.2(5)
for all t ∈ [0, 1) and
} and let u
By Corollary 5.8, for every t ∈ I \ [u and hence k Ω (γ(t), iy 2j ) ≥ β, or r 2j < Im γ(t) < r 2j + N 1 R 2j and hence k Ω (γ(t), iy 2j ) ≥ β by (6.8) .
Therefore the sequence {iy 2j } satisfies the requirement of Claim A Part (2).
For α ≥ 1, let Z α := {z ∈ C : |Re z| α < Im z}.
As it is shown in Proposition 4.13, if (φ t ) is a non-elliptic semigroup in D with universal model (C, h, z + it) and Z 1 + p ⊂ h(D) for some p ∈ h(D), then φ t (z) converges nontangentially to its Denjoy-Wolff point. In the following proposition, we show that α = 1 is the best we can have: Therefore, Z α ⊂ Ω. We let h : D → Ω be the Riemann map such that h(0) = i. We define the semigroup φ t := h −1 (h(z) + it). We can assume that 1 is its Denjoy-Woff point. We prove that there exists a sequence {t k }, converging to +∞, such that k D ([0, 1), φ t k (0)) → +∞ when k tends to ∞, which means that the sequence {φ t k (0)} converges tangentially to 1.
Let γ 0 := h([0, 1)). The previous condition is equivalent to find a sequence {t k } converging to +∞ such that k Ω (γ 0 , it k ) → +∞ when k tends to ∞.
In order to prove this, we note that by (6.9), b j − b j−1 > R j N j > 2R j D. Hence, 
